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SCALED ASYMPTOTICS FOR SOME q-SERIES AS q
APPROACHING UNIT
RUIMING ZHANG
Abstrat. In this work we investigate Planherel-Rotah type asymptotis
for some q-series as q → 1. These q-series generalize Ramanujan funtion
Aq(z); Jakson's q-Bessel funtion J
(2)
ν (z;q), Ismail-Masson orthogonal polynomials(q
−1
-
Hermite polynomials) hn(x|q), Stieltjes-Wigert orthogonal polynomials Sn(x; q),
q-Laguerre orthogonal polynomials L
(α)
n (x; q) and onuent basi hypergeo-
metri series.
1. Introdution
In [7℄ we derived ertain Planherel-Rotah type asymptotis for some q-series.
These q-series generalize Ramanujan's entire funtion Aq(z), Jakson's q-Bessel
funtion J
(2)
ν (z;q), Ismail-Masson orthogonal polynomials (q−1-Hermite polynomi-
als) hn(x|q), Stieltjes-Wigert orthogonal polynomials Sn(x; q), q-Laguerre orthogo-
nal polynomials L
(α)
n (x; q) and onuent basi hypergeometri series.
In this work we shall employ the method used in [8℄ to study the saled asymp-
totis of these q-series as q → 1. In setion 2 we list some ommon notations
from q-series and speial funtions. We present our results in setion 3 and prove
them in setion 4. Throughout this work we always assume that 0 < q < 1 unless
otherwise stated.
2. Preliminaries
For a omplex number z, we dene [1, 2, 4, 5℄
(1) (z; q)∞ :=
∞∏
k=0
(1 − zqk),
and the q-Gamma funtion is dened as
(2) Γq(z) :=
(q; q)∞
(qz ; q)∞
(1 − q)1−z z ∈ C.
The q-shifted fatorials of a, a1, . . . am are given by
(3) (a; q)n :=
(a; q)∞
(aqn; q)∞
, (a1, . . . , am; q)n :=
m∏
k=1
(ak; q)n
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for all integers n ∈ Z and m ∈ N. Given two nonnegative integers s, r and two sets
of omplex numbers a1, . . . , ar and b1, . . . , bs, a basi hypergeometri series sφr is
formally dened as
(4) sφr
(
a1, . . . , ar
b1, . . . , bs
|q, z
)
:=
∞∑
k=0
(a1, . . . , ar; q)k(−zq−ℓ)kqℓk2
(q, b1, . . . , bs; q)k
,
where
(5) ℓ :=
s+ 1− r
2
,
and it is a onuent basi hypergeometri series if ℓ > 0.
Given nonnegative integers r, s, t and a positive number ℓ, we dene [7℄
g(a1, . . . , ar; b1, . . . , bs; q; ℓ; z)(6)
:=
∞∑
k=0
(qk+1, b1q
k, . . . , bsq
k; q)∞q
ℓk2 (−z)k
(a1qk, . . . , arqk; q)∞
,
h(a1, . . . , ar; b1, . . . , bs; c1, . . . , ct; q; ℓ; z)(7)
:=
n∑
k=0
(qk+1, b1q
k, . . . , bsq
k; q)∞q
ℓk2 (−z)k
(a1qk, . . . , arqk; q)∞
(q, c1, . . . , ct; q)n
(q, c1, . . . , ct; q)n−k
,
where
(8) 0 ≤ a1, . . . , ar, b1, . . . , bs, c1, . . . , ct < 1.
Jakson's q-Bessel funtion J
(2)
ν (z; q) is dened as [4, 2, 5℄
(9) J (2)ν (z; q) :=
(qν+1; q)∞
(q; q)∞
∞∑
k=0
qk
2+kν(−1)k
(q, qν+1; q)k
(z
2
)2k+ν
, ν > −1.
The Ismail-Masson polynomials {hn(x|q)}∞n=0 are dened as [4℄
(10) hn(sinh ξ|q) :=
n∑
k=0
(q; q)nq
k(k−n)(−1)ke(n−2k)ξ
(q; q)k(q; q)n−k
.
Stieltjes-Wigert orthogonal polynomials {Sn(x; q)}∞n=0 are dened as [4℄
(11) Sn(x; q) :=
n∑
k=0
qk
2
(−x)k
(q; q)k(q; q)n−k
.
The q-Laguerre orthogonal polynomials
{
L
(α)
n (x; q)
}∞
n=0
are dened as [4℄
(12) L(α)n (x; q) :=
n∑
k=0
qk
2+αk(−x)k(qα+1; q)n
(q; q)k(q, qα+1; q)n−k
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for α > −1. Clearly, we have
Aq(z) =
g(−;−; q; 1; z)
(q; q)∞
,(13)
J (2)ν (z; q) =
g(−; qν+1; q; 1; z2qν/4)
(q; q)2∞(2/z)
ν
,(14)
hn(sinh ξ|q) = h(−;−;−; q; 1; e
−2ξq−n)
e−nξ(q; q)∞
,(15)
Sn(x; q) =
h(−;−;−; q; 1;x)
(q; q)n(q; q)∞
,(16)
L(α)n (x; q) =
h(−;−; qα+1; q; 1;xqα)
(q; q)n(q; q)∞
,(17)
sφr
(
a1, . . . , ar
b1, . . . , bs
|q, z
)
=
(q, b1, . . . , bs; q)∞g(a1, . . . , ar; b1, . . . bs; q; ℓ; zq
−ℓ)
(a1, . . . , ar; q)∞
.(18)
The Dedekind η(τ) is dened as [6℄
(19) η(τ) := eπiτ/12
∞∏
k=1
(1 − e2πikτ ),
or
(20) η(τ) = q1/12(q2; q2)∞, q = e
πiτ , ℑ(τ) > 0.
It has the transformation formula
(21) η
(
− 1
τ
)
=
√
τ
i
η(τ).
The four Jaobi theta funtions are dened as [6℄
θ1(v|τ) := −i
∞∑
k=−∞
(−1)kq(k+1/2)2e(2k+1)πiv,(22)
θ2(v|τ) :=
∞∑
k=−∞
q(k+1/2)
2
e(2k+1)πiv,(23)
θ3(v|τ) :=
∞∑
k=−∞
qk
2
e2kπiv,(24)
θ4(v|τ) :=
∞∑
k=−∞
(−1)kqk2e2kπiv,(25)
where
(26) q = eπiτ , ℑ(τ) > 0.
For our onveniene, we also use the following notations
(27) θλ(z; q) := θλ(v|τ), z = e2πiv, q = eπiτ
with
(28) λ = 1, 2, 3, 4.
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The Jaobi's triple produt identities are
θ1(v|τ) = 2q1/4 sinπv(q2; q2)∞(q2e2πiv; q2)∞(q2e−2πiv; q2)∞,(29)
θ2(v|τ) = 2q1/4 cosπv(q2; q2)∞(−q2e2πiv; q2)∞(−q2e−2πiv; q2)∞,(30)
θ3(v|τ) = (q2; q2)∞(−qe2πiv; q2)∞(−qe−2πiv; q2)∞,(31)
θ4(v|τ) = (q2; q2)∞(qe2πiv; q2)∞(qe−2πiv; q2)∞.(32)
The Jaobi θ funtions satisfy transformations
θ1
(
v
τ
| − 1
τ
)
= −i
√
τ
i
eπiv
2/τθ1 (v | τ) ,(33)
θ2
(
v
τ
| − 1
τ
)
=
√
τ
i
eπiv
2/τθ4 (v | τ) ,(34)
θ3
(
v
τ
| − 1
τ
)
=
√
τ
i
eπiv
2/τθ3 (v | τ) ,(35)
θ4
(
v
τ
| − 1
τ
)
=
√
τ
i
eπiv
2/τθ2 (v | τ) .(36)
The Euler Gamma funtion Γ(z) is given by [1, 2, 4, 5℄
(37)
1
Γ(z)
:= z
∞∏
k=1
(
1 +
z
k
)(
1 +
1
k
)−z
, z ∈ C.
For any real number x, we have
(38) x = ⌊x⌋+ {x} ,
where the frational part of x is {x} ∈ [0, 1) and ⌊x⌋ ∈ Z is the greatest integer less
or equal x. The arithmeti funtion
(39) χ(n) :=
{
1 2 ∤ n
0 2 | n ,
whih is the prinipal harater modulo 2, satises the identities
(40) χ(n) = 2
{n
2
}
= n− 2
⌊n
2
⌋
=
⌊
n+ 1
2
⌋
−
⌊n
2
⌋
.
Thus,
(41)
⌊
n+ 1
2
⌋
=
n+ χ(n)
2
,
and
(42)
⌊n
2
⌋
=
n− χ(n)
2
.
3. Main Results
In order to state our results in full generality we also need the following denition:
Denition 3.1. An admissible sale is a sequene {λn}∞n=1 of positive numbers
suh that
(43) lim
n→∞
λn
log n
=∞, lim
n→∞
n
λ2n
=∞.
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Clearly,
(44) λn = n
β logγ n, β + γ > 0, 0 < β <
1
2
, γ ≥ 0,
and
(45) λn = log
γ n, γ > 1
are admissible sales.
3.1. g-funtion. To simplify the type setting in the following theorem, we let
(46) g(z; q) := g(a1, . . . , ar; b1, . . . , bs; q; ℓ; z).
Theorem 3.2. Given an admissible sale λn, assume that
(47) z = e2πv, q := e−πλ
−1
n , ℓ > 0, v ∈ R,
and
(48) aj := q
αj , bk := q
βk , αj , βk > 0
for
(49) 1 ≤ j ≤ r, 1 ≤ k ≤ s.
Then,
g(−q−4nℓz; q) = exp
{
πλn
ℓ
(
v +
2nℓ
λn
)2}
(50)
×
√
λn
ℓ
{
1 +O(e−ℓ−1πλn)
}
,
and
g(q−4nℓz; q) = exp
{
πλn
ℓ
(
v +
2nℓ
λn
)2
− πλn
4ℓ
}
(51)
× 2
√
λn
ℓ
{
cos
πλnv
ℓ
+O
(
e−2ℓ
−1πλn
)}
as n→∞, and the O-term is uniform for v in any ompat subset of R.
For the Ramanujan's entire funtion we have:
Corollary 3.3. Given an admissible sale λn , assume that
(52) z = e2πv, q = e−πλ
−1
n , v ∈ R,
we have
Aq(−q−4nz) = exp
{
πλn
(
v +
2n
λn
)2
+
πλn
6
− π
24λn
}
(53)
× 1√
2
{
1 +O (e−πλn)} ,
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and
Aq(q
−4nz) = exp
{
πλn
(
v +
2n
λn
)2
− πλn
12
− π
24λn
}
(54)
×
√
2
{
cosπλnv +O
(
e−2πλn
)}
as n→∞, and the O-term is uniform for v in any ompat subset of R.
For the Jakson's q-Bessel funtion we have:
Corollary 3.4. For an admissible sale λn, assume that
(55) z = e2πv, q = e−πλ
−1
n , v ∈ R, ν > −1,
then,
J (2)ν (2i
√
zq−νq−2n; q) =
exp
(
πλn
3 − π12λn + ν
2π
4λn
+ νπi2
)
2
√
λn
(56)
× exp
{
πλn
(
v +
4n+ ν
2λn
)2}{
1 +O(e−πλn)} ,
and
J (2)ν (2
√
zq−νq−2n; q) =
exp
(
πλn
12 − π12λn + ν
2π
4λn
)
√
λn
(57)
× exp
{
πλn
(
v +
4n+ ν
2λn
)2}{
cosπλnv +O
(
e−2πλn
)}
as n→∞, and the O-term is uniform for v in any ompat subset of R.
For the onuent basi hypergeometri series we have:
Corollary 3.5. Given an admissible sale λn, assume that
(58) z = e2πv, q = e−πλ
−1
n , v ∈ R,
and
(59) αj , βk > 0, 1 ≤ j ≤ r, 1 ≤ k ≤ s.
Let
(60) ℓ :=
s+ 1− r
2
> 0, ρ :=
r∑
j=1
αj −
s∑
j=1
βj + ℓ− 1.
Then we have
sφr
(
qα1 , . . . , qαr
qβ1 , . . . , qβs
|q,−zq−ℓ(4n−1)
)
=
2ℓπρ+ℓ
∏r
j=1 Γ(αj)√
ℓλ
ρ−1/2
n exp (ℓπλn/3)
∏s
j=1 Γ(βj)
(61)
×
{
exp
πλn
ℓ
(
v +
2nℓ
λn
)2}{
1 +O (λ−1n log2 λn)} ,
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and
sφr
(
qα1 , . . . , qαr
qβ1 , . . . , qβs
|q, zq−ℓ(4n−1)
)
=
2ℓ+1πρ+ℓ
∏r
j=1 Γ(αj)√
ℓλ
ρ−1/2
n exp
(
ℓπλn
3 +
πλn
4ℓ
)∏s
j=1 βj
(62)
×
{
exp
πλn
ℓ
(
v +
2nℓ
λn
)2}{
cos
πλnv
ℓ
+O (λ−1n log2 λn)
}
as n→∞, and the O-term is uniform for v in any ompat subset of R.
3.2. h-funtion. For our onveniene we let
(63) hn(z; q) := hℓ(a1, . . . , ar; b1, . . . , bs; c1, . . . , ct; q; z).
We have similar results for the h funtion:
Theorem 3.6. Given an admissible sale λn , assume that
(64) z := e2πv, q := e−πλ
−1
n , ℓ > 0, v ∈ R,
and
(65) aj := q
αj , bk := q
βk , αj , βk > 0
for
(66) 1 ≤ j ≤ r, 1 ≤ k ≤ s.
Then,
h(−zq−nℓ; q) = exp
{
πλn
ℓ
(
v +
ℓ(n− χ(n))
2λn
)2
+
ℓπ(n− 1)χ(n)
2λn
}
(67)
×
√
λn
ℓ
{
1 +O(e−ℓ−1πλn)
}
,
and
h(zq−nℓ; q) = exp
{
πλn
ℓ
(
v +
ℓ(n− χ(n))
2λn
)2
+
ℓπ(n− 1)χ(n)
2λn
− πλn
4ℓ
}
(68)
× 2
√
λn
ℓ
{
cos
πλn
ℓ
(
v +
ℓ(n− χ(n))
2λn
)
+O(e−2ℓ−1πλn)
}
as n→∞, and the O-term is uniform for v in any ompat subset of R.
For Ismail-Masson orthogonal polynomials we have:
Corollary 3.7. Given an admissible sale λn. For any v ∈ R we have
hn
(
sinhπ
(
v +
i
2
)
| q
)
=
exp
{
πn2
4λn
+ πλn6 − π(1+12χ(n))24λn
}
(−i)n√2(69)
×
{
exp
[
πλn
(
v − χ(n)
2λn
)2]}{
1 +O(e−πλn)} ,
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and
hn(sinhπv | q) = (−1)n
√
2 exp
{
n2π
4λn
− (1 + 12χ(n))π
24λn
− πλn
12
}(70)
×
{
exp
[
πλn
(
v − χ(n)
2λn
)2]}{
cosπλn
(
v +
n− χ(n)
2λn
)
+O(e−2πλn)
}
as n→∞, and the O-term is uniform for v in any ompat subset of R.
For Stieltjes-Wigert orthogonal polynomials we have:
Corollary 3.8. Given an admissible sale λn, assume that
(71) z := e2πv, q := e−πλ
−1
n , v ∈ R.
Then we have
Sn(−zq−n; q) =
exp
{
πλn
3 +
π(n−1)χ(n)
2λn
− π12λn
}
2
√
λn
(72)
×
{
expπλn
(
v +
n− χ(n)
2λn
)2}{
1 +O (e−πλn)} ,
and
Sn(zq
−n; q) =
exp
{
πλn
12 +
π(n−1)χ(n)
2λn
− π12λn
}
√
λn
(73)
×
{
expπλn
(
v +
n− χ(n)
2λn
)2}{
cosπλn
(
v +
n− χ(n)
2λn
)
+O (e−2πλn)}
as n→∞, and the O-term is uniform for v in any ompat subset of R.
For the q-Laguerre orthogonal polynomials we have:
Corollary 3.9. Given an admissible sale λn, assume that
(74) z := e−2πv, q := e−πλ
−1
n , v ∈ R, α > −1.
Then we have
L(α)n (−zq−α−n; q) =
exp
{
πλn
3 +
π(n−1)χ(n)
2λn
− π12λn
}
2
√
λn
(75)
×
{
expπλn
(
v +
n− χ(n)
2λn
)2}{
1 +O (e−πλn)} ,
and
L(α)n (zq
−α−n; q) =
exp
{
πλn
12 +
π(n−1)χ(n)
2λn
− π12λn
}
√
λn
(76)
×
{
expπλn
(
v +
n− χ(n)
2λn
)2}{
cosπλn
(
v +
n− χ(n)
2λn
)
+O (e−2πλn)}
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as n→∞, and the O-term is uniform for v in any ompat subset of R.
Remark 3.10. Similar results hold for general τ and β dened in [7℄ and their
proofs are also similar to the proofs for the speial ases here. The formulas for the
general τ and β may be appliable to the studies in phase transitions and ritial
phenomena in physis. However, we feel that the formulas for the speial ases are
more appealing and thus skip the general formuas.
4. Proofs
The following lemma is from [7℄, we won't reprodue its proof here.
Lemma 4.1. Given a omplex number a, assume that
(77) 0 <
|a| qn
1− q <
1
2
for some positive integer n. Then,
(78)
(a; q)∞
(a; q)n
= (aqn; q)∞ := 1 + r1(a;n)
with
(79) |r1(a;n)| ≤ 2 |a| q
n
1− q
and
(80)
(a; q)n
(a; q)∞
=
1
(aqn; q)∞
:= 1 + r2(a;n)
with
(81) |r2(a;n)| ≤ 2 |a| q
n
1− q .
We also need the following lemma:
Lemma 4.2. Given a sequene of positive numbers {λn}∞n=1, let
(82) q = e−πλ
−1
n , lim
n→∞
λn =∞,
then,
(83) (q; q)∞ =
√
2λn exp
(
π
24λn
− πλn
6
){
1 +O(e−4πλn)}
and
(84)
1
(q; q)∞
=
exp
(
πλn
6 − π24λn
)
√
2λn
{
1 +O(e−4πλn)}
as n→∞.
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Proof. From formulas (19), (21) and (21) we get
(q; q)∞ = exp
(
π
24λn
)
η
(
i
2λn
)
(85)
=
√
2λn exp
(
π
24λn
)
η(2λni)
=
√
2λn exp
(
π
24λn
− πλn
6
) ∞∏
k=1
(1− e−4πkλn).
For suiently large n satisfying
(86) exp(−4πλn) < 1
3
,
we have
(87)
∞∏
k=1
(1− e−4πkλn) = 1 +O(e−4πλn),
and
(88)
1∏∞
k=1(1 − e−4πkλn)
= 1 +O(e−4πλn)
by Lemma 4.1. Consequently,
(89) (q; q)∞ =
√
2λn exp
(
π
24λn
− πλn
6
){
1 +O(e−4πλn)}
(90)
1
(q; q)∞
=
exp
(
πλn
6 − π24λn
)
√
2λn
{
1 +O(e−4πλn)}
as n→∞. 
Lemma 4.3. Given a sequene of positive numbers {λn}∞n=1, let
(91) q = e−πλ
−1
n , lim
n→∞
λn =∞, x > 0,
then
(92) (qx; q)∞ =
√
2π1−xλ
x−1/2
n
Γ(x) exp(πλn/6)
{
1 +O (λ−1n log2 λn)}
as n→∞.
Proof. From the denition of Γq(x) we have
(93) (qx; q)∞ =
(q; q)∞(1 − q)1−x
Γq(x)
.
Clearly,
(94) (1− q)1−x =
(
π
λn
)1−x {
1 +O (λ−1n )}
as n→∞. In [9℄ we proved that for ℜ(z) > 0
(95) Γq(z) = Γ(z)
{
1 +O ((1− q) log2(1− q))} ,
as q → 1, thus for x > 0,
(96) Γq(x) = Γ(x)
{
1 +O (λ−1n log2 λn)}
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as n → ∞. Combine these equations with equation (83) to obtain the equation
(92).
Take λ = 0, τ = 2, m = 2n in Theorem 2.2 of [8℄ we get the following
result: 
Lemma 4.4. Assume that z ∈ C\ {0}, ℓ > 0 and (30), we have
(97) g(q−4nℓz; q) = z2nq−4n
2ℓ
{
θ4
(
z−1; qℓ
)
+ rg(n|1)
}
,
and
|rg(n|1)| ≤
2s+r+3θ3
(|z|−1; qℓ)
(a1, . . . , ar; q)∞
{
qn+1
1− q +
qℓn
2
|z|n
}
(98)
for n suiently large. In partiular we have
sφr
(
a1, . . . , ar
b1, . . . , bs
|q, zq−4nℓ
)
=
(q, b1, . . . , bs; q)∞z
2n
{
θ4
(
z−1qℓ; qℓ
)
+ rφ(n|1)
}
(a1, . . . , ar; q)∞q2ℓn(2n+1)
,
(99)
and
|rφ(n|1)| ≤
2s+r+3θ3
(|z|−1qℓ; qℓ)
(a1, . . . , ar; q)∞
{
qn+1
1− q +
qℓn
2+ℓn
|z|n
}
(100)
for n suiently large, where
(101) ℓ :==
s+ 1− r
2
> 0.
Similarly, if we take λ = 0 and τ = 12 in Theorem 2.4 of [8℄ we get
Lemma 4.5. Assume that z ∈ C\ {0}, ℓ > 0, we have
(102) hn(zq
−nℓ; q) = (−z)⌊n/2⌋q−ℓ[n2−χ(n)]/4 {θ4 (z−1; qℓ)+ rh(n|1)} ,
and
|rh(n|1)| ≤ 2
s+r+2t+5θ3(|z|−1; qℓ)
(a1, . . . , ar; q)∞
{
q⌊n/4⌋+1
1− q + |z|
⌊n/4⌋qℓ⌊n/4⌋
2
+
qℓ⌊n/4⌋
2
|z|⌊n/4⌋
}
(103)
for n suiently large.
4.1. Proof for Theorem 3.2. From (24) and (35) to obtain
θ3(e
−2πv; e−πℓλ
−1
n ) = θ3
(
vi|ℓλ−1n i
)
(104)
=
√
λn
ℓ
eπℓ
−1λnv
2
θ3
(
λnv
ℓ
| λni
ℓ
)
=
√
λn
ℓ
eπℓ
−1λnv
2
{
1 +O(e−ℓ−1πλn)
}
as n→∞, and the O-term is uniform for all v ∈ R. Clearly we have
(105)
qn+1
1− q + q
ℓn2e−2nπv = O(λne−πnλ
−1
n )
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as n → ∞, and it is uniform for v in any ompat subset of R. From Lemma 4.3
we have
(qα1 , . . . , qαr ; q)∞ =
2r/2πr−
P
r
j=1 αj
{
1 +O(λ−1n log2 λn)
}
erπλn/6λ
r/2−
P
r
j=1
αj
n
∏r
j=1 Γ(αj)
(106)
as n→∞. Condition (43) gives
g(−q−4nℓz; q) =
√
λn
ℓ
exp
{
πλn
ℓ
(
v +
2nℓ
λn
)2}{
1 +O(e−ℓ−1πλn)
}
(107)
as n→∞, and it is uniform for v in any ompat subset of R.
Sine
θ4
(
z−1; qℓ
)
= θ4
(
e−2πv; e−ℓπλ
−1
n
)
(108)
= θ4
(
vi | ℓi
λn
)
=
√
λn
ℓ
eπℓ
−1λnv
2
θ2
(
λnv
ℓ
| iλn
ℓ
)
= 2
√
λn
ℓ
exp
(
πλnv
2
ℓ
− πλn
4ℓ
)
× cos πλnv
ℓ
{
1 +O
(
e−2πℓ
−1λn
)}
,
as n→∞ and its uniformly in v ∈ R. Thus we have
g(q−4nℓz; q) = exp
{
πλn
ℓ
(
v +
2nℓ
λn
)2
− πλn
4ℓ
}
(109)
× 2
√
λn
ℓ
{
cos
πλnv
ℓ
+O
(
e−2ℓ
−1πλn
)}
as n→∞, and it is uniform on any ompat subset of R.
4.2. Proof for Corollary 3.3. By Lemma 4.2 and Theorem 3.2 we have
Aq(−q−4nz) = g(−;−; q; 1;−q
−4nz)
(q; q)∞
(110)
= exp
{
πλn
(
v +
2n
λn
)2
+
πλn
6
− π
24λn
}
× 1√
2
{
1 +O (e−πλn)} ,
and
Aq(q
−4nz) =
g(−;−; q; 1; q−4nz)
(q; q)∞
(111)
= exp
{
πλn
(
v +
2n
λn
)2
− πλn
12
− π
24λn
}
×
√
2
{
cosπλnv +O
(
e−2πλn
)}
as n→∞, it is uniform on any ompat subset of R.
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4.3. Proof for Corollary 3.4. Apply Lemma 4.2 and Theorem 3.2 to equation
(14) to get
J (2)ν (2i
√
zq−νq−2n; q) =
g(−; qν+1; q; 1;−zq−4n)
(q; q)2∞(i
√
zq−νq−2n)−ν
(112)
=
exp
(
πλn
3 − π12λn + ν
2π
4λn
+ νπi2
)
2
√
λn
× exp
{
πλn
(
v +
4n+ ν
2λn
)2}{
1 +O(e−πλn)} ,
and
J (2)ν (2
√
zq−νq−2n; q) =
g(−; qν+1; q; 1; zq−4n)
(q; q)2∞(
√
zq−νq−2n)−ν
(113)
=
exp
(
πλn
12 − π12λn + ν
2π
4λn
)
√
λn
× exp
{
πλn
(
v +
4n+ ν
2λn
)2}{
cosπλnv +O
(
e−2πλn
)}
as n→∞, it is uniform on any ompat subset of R.
4.4. Proof for Corollary 3.5. Apply Lemma 4.2 , Lemma 4.3 and Theorem 3.2
to equation (14) to get
sφr
(
qα1 , . . . , qαr
qβ1 , . . . , qβs
|q,−zq−ℓ(4n−1)
)
=
(q, qβ1 , . . . , qβs ; q)∞g(−q−4nℓz; q)
(qα1 , . . . , qαr ; q)∞
(114)
=
(2π)ℓπρ
∏r
j=1 Γ(αj)√
ℓλ
ρ−1/2
n exp (ℓπλn/3)
∏s
j=1 Γ(βj)
×
{
exp
πλn
ℓ
(
v +
2nℓ
λn
)2}{
1 +O (λ−1n log2 λn)} ,
and
sφr
(
qα1 , . . . , qαr
qβ1 , . . . , qβs
|q, zq−ℓ(4n−1)
)
=
(q, qβ1 , . . . , qβs ; q)∞g(q
−4nℓz; q)
(qα1 , . . . , qαr ; q)∞
(115)
=
2ℓ+1πρ+ℓ
∏r
j=1 Γ(αj)√
ℓλ
ρ−1/2
n exp
(
ℓπλn
3 +
πλn
4ℓ
)∏s
j=1 βj
×
{
exp
πλn
ℓ
(
v +
2nℓ
λn
)2}{
cos
πλnv
ℓ
+O (λ−1n log2 λn)
}
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4.5. Proof for Theorem 3.6. Clearly,
q⌊n/4⌋+1
1− q + |z|
⌊n/4⌋qℓ⌊n/4⌋
2
+
qℓ⌊n/4⌋
2
|z|⌊n/4⌋ = O
(
e−πn/(4λn)
)
(116)
as n → ∞ and it is uniformly on any ompat subset of R. From equations (42),
(104), (106) and (116) we get
h(−zq−nℓ; q) = exp
{
πλn
ℓ
(
v +
ℓ(n− χ(n))
2λn
)2
+
ℓπ(n− 1)χ(n)
2λn
}
(117)
×
√
λn
ℓ
{
1 +O(e−ℓ−1πλn)
}
as n→∞, it is uniform on any ompat subset of R. Using equations (42), (104),
(106), (108) and (116) we get
h(zq−nℓ; q) = exp
{
πλn
ℓ
(
v +
ℓ(n− χ(n))
2λn
)2
+
ℓπ(n− 1)χ(n)
2λn
− πλn
4ℓ
}
(118)
× 2
√
λn
ℓ
{
cos
πλn
ℓ
(
v +
ℓ(n− χ(n))
2λn
)
+O(e−2ℓ−1πλn)
}
as n→∞, and it is uniform on any ompat subset of R.
4.6. Proof for Corollary 3.7. For v ∈ R, formula 15, Lemma 4.2 and Theorem
3.6 implies
hn
(
sinhπ
(
v +
i
2
)
| q
)
=
h(−;−;−; q; 1;−e2πvq−n)
(−i)nenπv(q; q)∞(119)
=
exp
{
πn2
4λn
+ πλn6 − π(1+12χ(n))24λn
}
(−i)n√2
×
{
exp
[
πλn
(
v − χ(n)
2λn
)2]}{
1 +O(e−πλn)} ,
and
hn(sinhπv | q) = h(−;−;−; q; 1; e
2πvq−n)
(−1)nenπv(q; q)∞
(120)
= (−1)n
√
2 exp
{
n2π
4λn
− (1 + 12χ(n))π
24λn
− πλn
12
}
×
{
exp
[
πλn
(
v − χ(n)
2λn
)2]}{
cosπλn
(
v +
n− χ(n)
2λn
)
+O(e−2πλn)
}
as n→∞, it is uniform on any ompat subset of R.
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4.7. Proof for Corollary 3.8. From Lemma4.1 and Lemma4.2 we have
1
(q; q)n(q; q)∞
=
1
(q; q)2∞
(q; q)∞
(q; q)n
(121)
=
exp
{
πλn
3 − π12λn
}
2λn
{
1 +O (e−4πλn)}
as n→∞. Hene, equation (16) and Theorem 3.6 implies
Sn(−zq−n; q) = h(−;−;−; q; 1;−zq
−n)
(q; q)n(q; q)∞
(122)
=
exp
{
πλn
3 +
π(n−1)χ(n)
2λn
− π12λn
}
2
√
λn
×
{
expπλn
(
v +
n− χ(n)
2λn
)2}{
1 +O (e−πλn)} ,
and
Sn(zq
−n; q) =
h(−;−;−; q; 1; zq−n)
(q; q)n(q; q)∞
(123)
=
exp
{
πλn
12 +
π(n−1)χ(n)
2λn
− π12λn
}
√
λn
×
{
expπλn
(
v +
n− χ(n)
2λn
)2}{
cosπλn
(
v +
n− χ(n)
2λn
)
+O (e−2πλn)}
as n→∞, it is uniform on any ompat subset of R.
4.8. Proof for Corollary 3.9. The equations (17) , (121) and Theorem 3.6 gives
L(α)n (−zq−α−n; q) =
h(−;−; qα+1; q; 1;−zq−n)
(q; q)n(q; q)∞
(124)
=
exp
{
πλn
3 +
π(n−1)χ(n)
2λn
− π12λn
}
2
√
λn
×
{
expπλn
(
v +
n− χ(n)
2λn
)2}{
1 +O (e−πλn)} ,
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and
L(α)n (zq
−α−n; q) =
h(−;−; qα+1; q; 1; zq−n)
(q; q)n(q; q)∞
(125)
=
exp
{
πλn
12 +
π(n−1)χ(n)
2λn
− π12λn
}
√
λn
×
{
expπλn
(
v +
n− χ(n)
2λn
)2}{
cosπλn
(
v +
n− χ(n)
2λn
)
+O (e−2πλn)}
as n→∞, and it is uniform for any ompat subset of R.
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